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Abstract 



We discuss the interplay between lagrangian distributions and connections in sym- 
plectic geometry, beginning with the traditional case of symplectic manifolds and 
then passing to the more general context of poly- and multisymplectic structures on 
fiber bundles, which is relevant for the covariant hamiltonian formulation of classical 
field theory. In particular, we generalize Weinstein's tubular neighborhood theorem 
for symplectic manifolds carrying a (simple) lagrangian foliation to this situation. 
In all cases, the Bott connection, or an appropriately extended version thereof, plays 
a central role. 
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1 Introduction 



In symplectic geometry, lagrangian foliations or, more generally, lagrangian distributions 
(i.e., lagrangian subbundles of the tangent bundle, which may or may not be involutive) 
are an important tool. Although unfamiliar from riemannian or even lorentzian geometry, 
where the notion of a lagrangian subbundle does not arise (except in the rather uninter- 
esting case of two-dimensional lorentzian manifolds), they also appear in the theory of 
certain pseudo-riemannian manifolds, namely those of zero signature. However, the inter- 
play between lagrangian distributions and connections in symplectic geometry is quite 
different from, and considerably more interesting than, in pseudo-riemannian geometry. 
In what follows, we shall show that this interplay admits a completely natural extension 
to the context of poly- and multisymplectic fiber bundles, whose precise mathematical 
definition can be found in |T2] and which appear naturally in the covariant hamiltonian 
formulation of classical field theory. 

The paper is divided into two parts. The first part (Sect. 2-5) discusses connections 
which are compatible with a given foliation, whereas the second part (Sect. 6-9) uses 
them to derive various structure theorems. More specifically, we begin by reviewing 
some standard issues from symplectic geometry: the construction of the Bott connection 
in Sect. 2 and the classification of symplectic connections in Sect. 3 : here, we also prove an 
analogous classification theorem for symplectic connections preserving a given lagrangian 
foliation which - although of independent interest - does not seem to have been explicitly 
formulated in the literature. Next, we show how to extend this classification to poly- 
symplectic fiber bundles in Sect. 4 and to multisymplectic fiber bundles in Sect. 5. The 
second part starts, in Sect. 6, with an exposition of the program to be developed in the 
remainder of the paper, followed by a study, in Sect. 7, of manifolds equipped with a given 
foliation by flat affine manifolds (where "fiat affine" refers to a given partial connection 
along the leaves), since this is the situation prevailing in all cases of interest here. The 
results are applied in Sect. 8 to symplectic manifolds with a lagrangian foliation, allowing 
us to give a simple proof, as well as a generalization, of Weinstein's tubular neighborhood 
theorem [26l[29]. Exactly the same technique leads to what we call the structure theo- 
rem for polysymplectic and multisymplectic fiber bundles, presented in Sect. 9: it can be 
viewed as an analogue of the theorem from symplectic geometry that characterizes which 
symplectic manifolds are cotangent bundles (or "pieces" of cotangent bundles, possibly 
up to coverings). Finally, in Sect. 10, we present our conclusions. 



2 Lagrangian distributions and the Bott connection 

In this section, we briefly review the definition of the Bott connection for symplectic mani- 
folds carrying a given lagrangian foliation, noting that a completely analogous concept 
also exists for pseudo-riemannian manifolds of zero signature (these are the only ones 
whose tangent spaces admit lagrangian subspaces). 
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As a preliminary step, we recall that given a manifold M, a vector bundle V over M 
and a distribution L on M, a partial linear connection in V along L is an M-bilinear map0 

V: r(L)xr(v) ^ r(r) 

(X, s) ^ V^s ^ ' 

which is ^5^(M)-linear in X and a derivation in s, i.e., satisfies the usual Leibniz rule 

Vx ifs) = fV^s + {x-f)s for X e r(L) , / e d{M) , s e r(r) . (2) 

Of course, this gives back the usual definition of a "full" linear connection when L = TM 
and hence r(L) is the Lie algebra X(M) of all (smooth) vector fields on M. Clearly, the 
usual definitions of curvature and, in the special case when ^ = L, of torsion also work 
for partial linear connections if L is supposed to be involutive. 

Obviously, partial linear connections can be obtained from "full" ones by restriction, 
that is, by restricting the definition of the covariant derivative of a section from general 
vector fields on M to vector fields on M along a given vector subbundle L of TM, and 
conversely, one may ask whether a given partial linear connection admits an extension to 
a "full" one (from which it can be derived by restriction), and if so, how one can classify 
all possible extensions. 

A particularly nice example of a partial linear connection which is not evidently the 
restriction of a "full" one is the Bott connection associated with any involutive distribution 
on any manifold M: denoting by L"*" the annihilator of L, which by definition is the vector 
subbundle of the cotangent bundle T*M of M consisting of 1-forms that vanish on L, this 
is a partial linear connection V'^ in L-*- along L defined by 

V|a = L^a for X G r(L), a G T{L^) , (3) 

where L^^ denotes the Lie derivative (of 1-forms) along X, or more explicitly, 

(V»(F) = X-aiY) - ai[X,Y]) 

(4) 

for X G r(L), a G r(L^), Y G X{M) . 

To show that this is really a partial linear connection in L-*- along L, suppose that X is a 
vector field on M along L and note that (a) for any section a of L-^ and any vector field Y 
on M along L, the expression in eqn (jlj) vanishes because L is supposed to be involutive, 
which means that the Lie derivative along X really does map sections a of L-*- to sections 
h^a of L"*-, and (b) for any function / on M, any section a of L-^ and any vector field Y 
on M (not necessarily along L), we have 

(L^^a)(F) = {fX).aiY)-a{[fX,Y]) 

= fix ■ a{Y)) - faiiX, Y]) + (Y ■ f) a{X) 
= f(h^a){Y) + {Y.f)a{X) , 



^ Given a manifold M and a vector bundle W over M, we denote by ^(M) the algebra of (smooth) 
functions on M and by r(W^) the space (and 3^(A/)-modulc) of (smooth) sections of W. If is a 
distribution on M, i.e., a vector subbundle of the tangent bundle TM of M, we shall use the intuitively 
more appealing expression "vector field on M along for a section of W. 
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and the last term vanishes because a annihilates X, so V;f is really 5^(M)-linear in X. 
Of course, the Bott connection is flat: its curvature vanishes trivially, due to the definition 
of the Lie bracket of vector fields by means of the formula [L^, Ly] = IL[x,y] • 

Now assume that M is a manifold of even dimension 2n and L is an involutive dis- 
tribution on M which is lagrangian with respect to a given almost symplectic form (i.e., 
non-degenerate 2-form) lo. Then the "musical isomorphism" [H p. 166] 

J" -.TM — > T*M with inverse J : T*M — > TM (5) 

restricts to an isomorphism 

uj' : L — > L"*" with inverse cu" : — > L (6) 

which can be used to transfer the Bott connection as defined previously to a partial linear 
connection in L along L: by abuse of language, it will simply be called the Bott connection 
in L. Explicitly, it is determined by the formula 

a;(V|r, Z) = X- u{Y, Z) - uj{Y, [X, Z]) for X, F e V{L) , Z G X(M) . (7) 

This connection has an intuitively appealing interpretation: it is nothing else than a 
canonical family of ordinary linear connections in the leaves of the foliation generated 
by L. Moreover, the Bott connection in L-*- being fiat, so is the Bott connection in L. 
But regarding the latter, we can ask for more: we can ask whether it also has vanishing 
torsion, since if so, we may conclude that the leaves of the foliation generated by L are 
fiat affine manifolds. Regarding this question, we have the following simple answer. 

Theorem 1 Let M he a manifold equipped with an almost symplectic form u and let L 
be any involutive lagrangian distribution on M. Then if u is closed, the Bott connection 
in L has zero torsion. More generally, the torsion tensor of V'^ is related to the 
exterior derivative of u by the formula 

duj{X, y, Z) = uj{T^{X, Y), Z) for X, F G r(L) , Z G X(Af ) . (8) 

Proof: Writing out the Cartan formula for the exterior derivative of oj, 

du{X,Y,Z) = X-uj{Y,Z) - Y-uj{X,Z) + Z-uj{X,Y) 

- uj{[X,Y],Z) + co{[X,Z],Y) - u{[Y,Z],X]) . 

and assuming X and Y to be along L, we see that the third of the six terms on the rhs of 
this equation vanishes since L is supposed to be isotropic, so using the definition of the 
torsion tensor combined with eqn ([7]) to give 

uj{T^{X,Y) ,Z) = w(V|F- V#X- 

= X- u{Y, Z) - uj{Y, [X, Z]) - Y- uj{X, Z) + uj{X, [F, Z]) - u{[X, Y],Z) , 

we arrive at eqn ([8]), which proves the remaining statements. □ 
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Of course, this result has been known for a long time; see, e.g.. Theorem 7.7 of Ref. 
The only difference is that we propose a more systematical and ample use of the term 
"Bott connection" Jl 

3 Symplectic connections 

Given a manifold M equipped with a symplectic form u and an involutive distribution L 
on M, we can ask the following question: is the Bott connection in L the restriction 
of some torsion-free symplectic connection V on M, and if so, what is the set of such 
torsion-free symplectic connections? 

To gain a better understanding of this question and of its importance for quantization 
(geometric quantization as well as deformation quantization), let us briefly explain a few 
well-known facts about symplectic connections. We begin with their definition which - 
even though it is standard - will be stated explicitly in order to clarify the terminology. 

Definition 1 Let M he a manifold equipped with an almost symplectic form uo. A linear 
connection V on M is said to he a symplectic connection if it preserves u, i.e., 
satisfies Vw = 0, or explicitly, 

X-uj{Y,Z) = uj{VxY,Z) + uj{Y,VxZ) for X,Y,Z eX{M) . (9) 

The same terminology is used for partial linear connections. 

In particular, we do not adhere to the convention adopted by some authors who incorpo- 
rate the condition of being torsion-free into the definition of a symplectic connection. 

Regarding the question of whether there exist any torsion-free symplectic connections 
at all, we begin by noting the following elementary and well known proposition, which 
can be viewed as an analogue of Theorem [1] for "full" linear connections. 

Proposition 1 Let M he a manifold equipped with an almost symplectic form u. Then 
if there exists a torsion-free symplectic connection V on M , u must he closed. More 
generally, the torsion tensor T of a symplectic connection V on M is related to the 
exterior derivative of u hy the formula 

du{X,Y,Z) = u{T{X,Y),Z) + u{T{Y,Z),X) + u{T{Z,X),Y) . (10) 

Proof: This is a special case of Lemma [6] (eqn (l65l) ) in Appendix A. □ 

^In the case of a lagrangian distribution which is involutive with respect to a pseudo-riemannian 
metric g of zero signature, the construction is completely analogous, and it can be shown that the Bott 
connection coincides with the restriction of the Levi-Civita connection V if and only if the former has 
zero torsion; more generally, the difference between the two is proportional to the torsion tensor of . 
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Conversely, it is well known that on any symplectic manifold, there exist torsion-free 
symplectic connections An explicit proof can be found in Sect. 2.1 of Ref. [5]: 

it is based on modifying a given torsion- free linear connection by adding a judiciously 
chosen tensor field in order to arrive at a torsion-free symplectic connection. However, 
the method can be easily generalized so as to start out from an arbitrary linear connection 
and get what one wants in a single stroke: 

Proposition 2 Let M be a manifold equipped with a symplectic form u and V'^ a 
general linear connection on M with torsion tensor . Then the formula 

u{V^Y,Z) = a;(VOF,Z) + |(V»(F,Z) + \{V^uj){X,Z) 

-\uj{T\X,Y),Z) + \u{T\Z,X),Y) + \uj{T^{Z,Y),X) 

or equivalently 

u;{VxY,Z) = |a;(V°F,Z) + |a;(V°X,Z) + |a;(V°X,r) + |c^(V°F,X) 

+ |a;(V°Z,y) + |a;(V°Z,X) + lX-u{Y,Z) + lY-u{X,Z) (12) 
+ ia;([X,F],Z) - | X], F) - | F], X) 

defines a torsion-free symplectic connection V on M. 

Obviously, when V° is itself torsion-free and symplectic, then V = V*^. In passing, we 
also note that if V'' is torsion-free but not symplectic, then eqn (1121) simplifies to 



(13) 



uj{VxY,Z) = luj{V^Y,Z) - luj{V^X,Z) + Iuj{V^Z,Y) + |a;(V^Z,X) 
+ lX-u{Y,Z) + lY-uj{X,Z) . 

whereas if V*^ is symplectic but not torsion-free, then eqn (I12p simplifies to 

iV^Y,Z) = iu;(V°F,Z) + la;(V°X,Z) + ic^(V°X,F) + ia;(V°F,X) 

- |c^(V°Z,y) - |c^(V°Z,X) (14) 



- luj{[Z,X],Y) - luj{[Z,Y],X) 



2 
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Note the similarity, but also the differences, between these formulas for symplectic mani- 
folds and the definition of the Levi-Civita connection for pseudo-riemannian manifolds. 
In both cases, existence of torsion-free compatible connections is guaranteed, but in sharp 
contrast with the pseudo-riemannian case, torsion-free symplectic connections are far from 
unique: rather, one can show that the set of all such connections constitutes an affine 
space whose difference vector space can be identified with the space of all totally symmetric 
tensor fields of rank 3; see, e.g., Refs |21I2B] and, for an explicit proof. Sect. 2.1 of Ref. [5]. 
This ambiguity has important implications in mathematical physics, being closely related 
to the famous factor ordering problem of quantum mechanics. More specifically, there is 
a famous construction of star products in deformation quantization [11], now commonly 
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known as the Fedosov construction, which uses as one of its essential ingredients a torsion- 
free symplectic connection on classical phase space, and different choices lead to different 
factor ordering rules. This ground-breaking contribution to the quantization problem has 
even led some authors to refer to symplectic manifolds equipped with a fixed torsion-free 
symplectic connection as Fedosov manifolds [H] , and it provides compelling motivation for 
geometers to study the question as to what further restrictions on the choice of torsion- 
free symplectic connections are implied by introducing additional covariantly constant 
geometric structures - ideally to the point of singling out a unique representative. 

Of course, there are many possible such structures, among which we may mention, as 
particularly important and interesting examples, Kahler manifolds and hamiltonian G- 
spaces; an overview can be found in Ref. [3]. Here, we shall study a specific type, given by 
the choice of a lagrangian distribution. This is the kind of additional structure one meets 
in geometric quantization [30], and the question of how to construct torsion- free symplectic 
connections compatible with it has first been investigated by HeB [20121] • (Somewhat more 
generally, geometric quantization uses lagrangian vector subbundles of the complexified 
tangent bundle, called polarizations, but we shall in this paper restrict ourselves to real 
polarizations, for the sake of simplicity.) The main theorem of Hefi regarding this ques- 
tion, stated in Ref. [20] and proved in detail in Ref. [21], states that given two involutive 
lagrangian distributions Li and L2 which are transversal, there is a unique symplectic con- 
nection preserving both of them: it has come to be known as the bilagrangian connectionjf] 
Another way of looking at this result is in terms of pseudo-riemannian geometry, since in 
this case the bilagrangian connection, being torsion-free, is simply the Levi-Civita con- 
nection associated with the pseudo-riemannian metric g of zero signature that can be 
constructed naturally from u together with Li and L2 [HIIID] by setting 

g{X,Y) = co{ipTi-W2)X,Y) , 

where pr^^ and prg is the projection onto Li along L2 and onto L2 along Li, respectively. 

However, in order to generalize the construction of adequate symplectic connections 
to the poly- and multisymplectic framework, we must focus on the situation where we are 
given a single involutive lagrangian distribution L on M, rather than two transversal ones. 
The question is whether there always exists a torsion-free symplectic connection on M that 
preserves L and, if so, what is the affine space of all such connections. This is a problem 
of independent interest even within the traditional context of symplectic geometry, and 
one that seems to have received little attention so far. 

As a first step in this direction, we note the following extension of Proposition [T] 

Proposition 3 Let M be a manifold equipped with an almost symplectic form u and 
let L be a lagrangian distribution on M . Then if there exists a torsion-free symplectic 
connection V on M preserving L, u must be closed and L must be involutive. In this 
case, the restriction of any such connection to L coincides with the Bott connection in L. 

■^Actually, the theorem of Hefi is significantly more general because it applies even when the lagrangian 
distributions arc not involutive or the form lu is not closed, but we shall not go into this here. 
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Remark 1 The last statement is valid under much less restrictive assumptions on the 
torsion tensor T of V than stated above: it suffices that T(X, Y) should be along L 
whenever at least one of its arguments is along L. 

Proof: The ffist statement has been proved in Proposition [TJ The second statement 
follows directly from Lemma |5] in Appendix A. For the third statement, let us assume 
that V is any symplectic connection on M preserving L with torsion tensor T such that 
T{X, Y) is along L as soon as X or y is along L. Then the claim is equivalent to the 
condition that for all X,Y e T{L) and Z G X{M), 

a;(V|r,Z) = co{Vj,Y,Z) , 

which can be derived by comparing eqn ([7]) with eqn taking into account that 

u;{Y,[X,Z]) = u{Y,VxZ) 

since L being isotropic and stable under V, the expressions u{Y, V^X) and u(Y, T{X, Z)) 
vanish under these assumptions. □ 

Conversely, we can use a partition of unity argument to prove that the conditions stated in 
Proposition |3] {u is closed and L is involutive) are not only necessary but also sufficient to 
guarantee existence of torsion-free symplectic connections preserving the distribution L. 

Theorem 2 Let M be a manifold equipped with a symplectic form u and let L he an 
involutive lagrangian distribution on M. Then there exist torsion-free symplectic connec- 
tions V on M preserving L, and the set of all such connections constitutes an affine 
space whose difference vector space can be identified with the space of all tensor fields of 
rank 3 on M which (a) are totally symmetric and (b) vanish whenever at least two of 
their arguments are along L. 

Proof: Concerning existence, we can under the hypotheses of the theorem apply the 
Darboux theorem to guarantee that locally (i.e., on a sufficiently small open neighbor- 
hood of each point of M), there exists a torsion- free flat symplectic connection on M 
preserving L : it is simply the linear connection on M whose Christoffel symbols vanish 
identically in these coordinates. (Here, we use a strengthened version of the Darboux 
theorem which guarantees the existence of a system of local coordinates {q^,Pi) around 
each point such that not only uj takes the standard form dq^ a dp- but also L is generated 
by the d/dp^, say; a detailed proof can be found, for example, in [23 Theorem 1.1].) 
Now using a covering of M by such Darboux coordinate neighborhoods, passing to a 
locally finite refinement {Ua)a£A, denoting the corresponding family of linear connections 
by (Va)aeA and choosing a partition of unity {Xa)aGA subordinate to the open covering 
{Ua)aeA, we can define 

V = J] XaVa . 
aeA 
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Then it is clear that V preserves u as well as L and is torsion- free, since this is true for 
each Va and since the conditions of preserving a given differential form, of preserving a 
given vector subbundle and of being torsion-free are all local (i.e., behave naturally under 
restriction to open subsets) as well as affineS Regarding uniqueness, or rather the amount 
of non-uniqueness, we can write the difference between any linear connection V' on M 
and a fixed torsion-free symplectic connection V on M preserving L in the form 

V'xY = V^Y + S{X,Y) . 

Moreover, we introduce a (covariant) tensor field of rank 3 on M which, due to non- 
degeneracy of w, carries exactly the same information as S itself, given by 

Us{X,Y,Z) = uj{S{X,Y),Z) . 

Then it is clear that V' will be torsion-free if and only if 5* is symmetric, or equivalently, 
ujg is symmetric in its first two arguments, that V' will be symplectic if and only if S 
satisfies the identity 

uj{S{X,Y),Z) +u{Y,S{X,Z)) = 0, 

or equivalently, is symmetric in its last two arguments, and that V will preserve L if 
and only if S{X, Y) is along L whenever X or F is along L, or equivalently, vanishes 
whenever at least two of its arguments are along L. □ 

These considerations show that there are (at least) three rather different methods for 
proving existence of torsion-free symplectic connections: (a) by modifying a given linear 
connection through addition of an appropriately chosen tensor field (see Proposition [2D, 
(b) by employing the construction of the bilagrangian connection due to HeB and (c) by 
a partition of unity argument. For our purposes, however, the first two are not fully 
adequate since the first provides connections that may not preserve any lagrangian dis- 
tribution (this is not enough), whereas the second provides connections preserving two 
transversal lagrangian distributions (this is too much). The problem with the second con- 
struction is that the bilagrangian connection associated with two lagrangian distributions 
is torsion-free if and only if both of them are involutive. Therefore, it must be modified 
when one wants to deal with situations where one is given a naturally defined involutive 
lagrangian distribution L which has no distinguished lagrangian complement and which 
may not even admit any involutive lagrangian complement at all: an important example 
is provided by cotangent bundles where the lagrangian foliation given by the structure 
as a vector bundle admits tranversal lagrangian submanifolds (such as the zero section 
or, more generally, the graph of any closed 1-form) but no natural transversal lagrangian 
foliation. Such a modification can always be performed by applying the construction of 

''The situation with respect to curvature is different because the condition of being flat, although still 
local, is not affine, so although each Vq is flat, this will in general no longer be true for V. However, the 
curvature of V does vanish when evaluated on two vector fields along L, since there V coincides with the 
Bott connection, which is flat. 
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Proposition [2] to the bilagrangian connection associated with an arbitrarily chosen la- 
grangian complement L' of L, which preserves L' but has non- vanishing torsion (except 
when L' is involutive), trading it for what we might call a lagrangian connection, which 
no longer preserves L' (except when L' is involutive) but has vanishing torsion. However, 
this procedure is somewhat artificial, and as it turns out, it cannot be extended to the 
poly- and multisymplectic setting to be discussed in the next two sections - in contrast 
to the method based on a partition of unity argument, which extends in a completely 
straightforward manner. 



4 Polysymplectic connections 

We begin by stating the definition of a polysymplectic structure, as given in Ref. [12]. To 
this end, we recall first of all that given a fiber bundle P over a manifold M with bundle 
projection vr : P — > M and corresponding vertical bundle VP (the kernel of the tangent 
map Tvr : TP — y TM of vr), a vertical vector field on P is a section of VP whereas a ver- 
tical r-form on P is a section of the r-th exterior power of the dual bundle V*P of VP and, 
more generally, a (totally covariant) vertical tensor field of rank r on P is a section of the r- 
th tensor power of the dual bundle V*P of VP. Similarly, given an additional auxiliary vec- 
tor bundle T over M, a vertical r-form on P and, more generally, a (totally covariant) verti- 
cal tensor field of rank r on P taking values in T - or more precisely, in the pull-back 7r*(T) 
of T to P - is a section of the tensor product of the aforementioned exterior power / tensor 
power with 7r*(T). In what follows, we shall denote the Lie algebra of vertical vector fields 
on P by Xy{P) and the space of vertical r-forms on P taking values in T by f2f (P; 7r*T)jl 
For such forms, there is a complete Cartan calculus, strictly analogous to the Cartan calcu- 
lus for (vector-valued) differential forms; in particular, there is a naturally defined notion 
of vertical exterior derivative, 

dy: niy{P-Ti*f) ^ fi^+i(P;7r*f) ^^^^ 
a I — > dya 

and of vertical Lie derivative along a vertical vector field X, 

L^: ni,iP;n*f) f](;(P;7r*f) ^ ^^^^ 

a I — > Lj^a 

which are defined by exactly the same formulas as in the standard case, namely 

r 

{dya){X„...,X,) = Y,{-iyX,-{a{X„...,X„...,X,)) 

^=o , (17) 

+ J2 {-iy^^<ym,x^],x„...,x„...,x^,...,x.^) 



^Note that speaking of vertical forms or (totally covariant) tensor fields constitutes a certain abuse of 
language because these are really equivalence classes of ordinary differential forms or (totally covariant) 
tensor fields. 
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where Xq,Xi, . . . , e Xy{P) , and 

r 

(L^a)(Xi,...,Xj = - J]a(Xi,...,[X,Xj,...,Xj, (18) 

i=l 

where X, X^, . . . g Xy(P) : this makes sense since VP is an involutive distribution 
on P. Here and throughout the remainder of this section, the symbol ■ stands for the 
directional derivative of sections of 7r*(T) along vertical vector fields: this makes sense 
since upon restriction to each fiber, a vertical vector field is simply an ordinary vector 
field on the fiber and a section of a vector bundle obtained as the pull-back of a vector 
bundle over M becomes a function on the fiber taking values in a fixed vector space. 

Definition 2 A polypresymplectic fiber bundle is a fiber bundle P over an n- 
dimensional manifold M equipped with a vertical {k + l)-form 

ioen'^\P;7r*{f)) 

of constant rank on the total space P taking values in (the pull-back to P of) a fixed h- 
dimensional vector bundle T over the same manifold M , called the polypresymplectic 
form along the fibers of P , or simply the polypresymplectic form, and said to be 
of rank N , such that Cj is vertically closed^ 

dyu = , (19) 

and such that at every point p of P, Up is a polypresymplectic form of rank N on the 
vertical space VpP: this means that there exists a subspace of VpP of codimension N, 
called the polylagrangian subspace^ such that the "musical map" 

ul : VpP ^ A' V;P ® 

given by contraction of Cj^ in its first argument, when restricted to L^, yields a linear 
isomorphism 

Ljkeiujp = K'L^ ® 

where is the annihilator of L„ in V*P. Moreover, it is assumed that the kernels ker oj„ 
as well as the polylagrangian subspaces at the different points of P fit together 
smoothly into distributions ker uj and L on P: the latter is called the polylagrangian 
distribution of u. If u is non-degenerate, we say that P is a polysymplectic 
fiber bundle and u is a polysymplectic form along the fibers of P, or simply 
a polysymplectic form. If M reduces to a point, we speak of a poly (pre) symplectic 
manifold. The case of main interest is when Cj is a 2-form, i.e., k = 1. 

^As in the symplectic case, the possible absence of the integrability condition dyU! = will be 
indicated by adding the term "almost" . 

^Thc terminology, as well as the justification for using the definite article, stems from the fact that 
this subspace, if it exists, is more than just lagrangian (i.e., maximal isotropic) and that, as soon as either 
n > 1 or else n = 1 but then > fc > 1, or in other words, except when uj is an ordinary two-form or 
a volume form, it is necessarily unique. 
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Thus the characteristic feature of a polysymplectic fiber bundle P with a polysymplectic 
form u is the existence of a special subbundle L of its vertical bundle VP which is not only 
lagrangian (in particular, isotropic) but has the even stronger property that the "musical 
vector bundle homomorphism" co^ : VP — > A'^ V*P CB3 n*(T) , when restricted to L, 
provides a vector bundle isomorphism 

od^ : L ^ A'^L^ ® 7r*(f) . (20) 

As has been proved in Ref. [12], as soon as fi > 2, L is necessarily involutive. 

The following example provides what may be considered the "standard model" of a 
polysymplectic fiber bundle: 

Example 1 Let E be an arbitrary fiber bundle over an n-dimensional manifold M, 
with projection tte '■ E — > M, and let T be a fixed n- dimensional vector bundle over the 
same manifold M. Consider the bundle 

P = f\''V*E ® 7r|;(f) (21) 

of vertical /c-forms on E taking values in the pull-back of T to E, with projections 
^fc . p — y ^ g^^^ ^ ^ Q ^fe . p — ^ Using the tangent map Tvr'^ : TP — > TE 
of vr'^ and its restriction Vtt'' : VP — > VE to the vertical bundles, we define the 
canonical A;-form on P, which is a vertical /c-form 6 on P taking values in 7r*(T), by 

9a{Vi, . . . ,Vk) = a{VaTT'' ■ Vi, . . . ,Va'n-'' ■ Vk) ^^2) 

for a E P and Vi, . . . ,Vk E VaP ■ 

Then Cj = —dyO is a polysymplectic [k + l)-form, with polylagrangian distribution 
L = ker(T7r'^) (the vertical bundle for the projection to E), contained in VP = ker(T7r) 
(the vertical bundle for the projection to M). 

When k = 1 and n = 1 (with the understanding that the auxiliary vector bundle T is 
the trivial real line bundle M x M), we have the "standard model" of a symplectic fiber 
bundle. In particular, when, in addition, n = (i.e., the base manifold M is reduced to 
a single point), we recover the cotangent bundle of the single fiber, which is an arbitrary 
manifold, as the "standard model" of a symplectic manifold. On the other hand, when 
k = 1 and n = n — 1 (with the understanding that the auxiliary vector bundle T is the 
bundle A''" T*M of (n - l)-forms on M), P can be identified with the twisted dual J®E 
of the linearized jet bundle JE of E (which is the difference vector bundle of the usual 
jet bundle JE of E), because 

JE = n*E{T*M)®VE 

implying 

J*E = V*E0tte{TM) 
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for the common dual J*E and 

J®E = V*E^TT*E{TM)^n*E{/VT*M) 

for the twisted dual J®E = J*E ® 7r^(A"T*M) , so we get a canonical isomorphism 

J®E = V*E(g)TT*E{/y^^T*M) (23) 

of vector bundles over E. This bundle plays an important role in the covariant hamiltonian 
formalism of classical field theory |1|[T ^ [TB | [T7]. 

As a first application of the isomorphism fl20p beyond those discussed in Ref. [12], 
we show that, just as in the symplectic case, it allows us to construct a polysymplectic 
version of the Bott connection. The idea is simple: start with the Bott connection in L-*- 
as defined in eqns ([3]) and (gD (with X{M) replaced by Xy{P), n^{M) replaced by fiy(P) 
and the common Lie derivative replaced by the vertical Lie derivative introduced at the 
beginning of this section) and take the tensor product of its k-th exterior power with the 
trivial partial linear connection in 7r*(T) along L, to obtain a partial linear connection 
in A''^^ ® vr*(f ) along L, which we call the Bott connection in A''^^ ® vr*(T) : 
it is still given by a suitable restriction of the (vertical) Lie derivative of (vertical) forms; 
explicitly, 

k 

(v|a)(n,...,n) = x-(a(yi,...,n)) - ^a(n,...,[x,rj,...,r,) 

for X G r(L), a E r(A' ® vr*(f )), Y,, . . . ,Y, e Xy{P) . 

Now using the isomorphism (I20p , we can transfer it to a partial linear connection in L 
along L and arrive at 

Definition 3 Let P be an almost polysymplectic fiber bundle over a manifold M with 
almost polysymplectic form Co and involutive polylagrangian distribution L. Then there 
exists a naturally defined partial linear connection in L along L which we call the 
polysymplectic Bott connection; explicitly, it is determined by the formula 

k 

u{V^Y,Z,,...,Z,) = X.{u;{Y,Z,,...,Z,))-Y,^iy,Zi,...,[X,Z,],...,Z,) ^^^^ 

for X,Y eT{L), Z„...,Z,eXy{P) . 



As in the symplectic case, the polysymplectic Bott connection is flat, and for its torsion 
we have the following analogue of Theorem [1]: 

Proposition 4 Let P be an almost polysymplectic fiber bundle over a manifold M with 
almost polysymplectic form u and involutive polylagrangian distribution L. Then if Cj is 
vertically closed, the polysymplectic Bott connection has zero torsion. More generally. 
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the torsion tensor of is related to the vertical exterior derivative of u by the 
formula 

dyu{X,Y,Z„...,Z,) = u{T^{X,Y),Z„...,Z,) 
for X,Y eT{L), Z,,...,Z,eXy{P) . 

In particular, this implies that in a polysymplectic fiber bundle, the leaves of the poly- 
lagrangian foliation are flat affine manifolds. 

Proof: The only property that remains to be checked is eqn f l2B]) : this is a simple 
calculation using the fact that u{X, Y, . . .) = when X,Y E T{L) since L is isotropic: 



(V|F-V#X-[X,F],Z„...,Z,) 

= X.{uiY,Z,,...,Z,))-Y.{u{X,Z,,...,Z,)) 

k 

- ^(-irZ,-(c2;(X,F,Z„...,4...,Z,) 

i=l 

- Qj{[X,YlZ,,...,Z,) 

k 

- ^(-iy c:;([X,Z,],F,Zi,...,4...,Z,) 

i=l 
k 

+ ^(-ir^([F,zj,x,zi,...,4...,z,) 



i=l 



+ {-ly^^ ^{[z..z^,,x,Y,z,,...,z,,...,z^,...,z^, 

l^i<j^k 

dyu{X,Y,Z-^,. . . ,Z^) . 



□ 



Now we turn to polysymplectic connections. By analogy with the symplectic case, the 
definition of the concept is more or less obvious, except that we cannot expect to obtain 
anything beyond partial linear connections along the vertical bundle. 

Definition 4 A poly (pre) symplectic connection on an almost poly (pre) symplectic 
fiber bundle P over a manifold M with almost poly (pre) symplectic form Cj and poly- 
lagrangian distribution L is a partial linear connection V in the vertical bundle VP of P 
along VP itself which preserves both Cj and L; in particular, it satisfies Vo) = 0, or 
explicitly, 

k 

X.{u;{X,,...,X,)) = Y.Q{X,,...,V^X^,...,X,) 
for X,X„...,X,eXy{P) . 
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Note that as soon as the polylagrangian distribution L is unique, the invariance of Cj under 
parallel transport with respect to V already implies that of L. As mentioned before0 the 
only exceptions to this situation can occur when Cj is an ordinary two-form or a volume 
form: in these cases, invariance of L becomes a separate condition. 

As in the symplectic case, the existence of torsion- free poly (pre) symplectic connections 
imposes certain constraints. 

Proposition 5 Let P he an almost poly (pre) symplectic fiber bundle over a manifold M 
with almost poly (pre) symplectic form Cj and polylagrangian distribution L. Then if there 
exists a torsion-free poly (pre) symplectic connection \/ on P, Cj must be vertically closed 
and L must be involutive. More generally, the torsion tensor T of a poly (pre) symplectic 
connection V over P is related to the exterior derivative of Cj by the formula 

dyu{X„...,X,) = - i-iy^' ^{TiX^„X^),X„...,X,,...,X^,...,X^.) . (28) 

Finally, if Cj is non- degenerate, the restriction of any torsion-free polysymplectic connec- 
tion to L coincides with the polysymplectic Bott connection in L. 

Remark 2 As in the symplectic case, the last statement is valid under the same less 
restrictive assumptions on the torsion tensor T of V as before: it suffices that T(X, Y) 
should be along L as soon as X or y is along L. 

Proof: The first two statements follow directly from Lemma[6](eqn fl66l) ) and Lemma [5] 
in Appendix A. For the third statement, let us assume that Cj is non-degenerate and V is 
any polysymplectic connection on P with torsion tensor T such that T(X, Y) is along L 
as soon as X or F is along L. Then the claim is equivalent to the condition that for all 
X, r G r(L) and Z^, . . . , G Xy(P), 

c2;(V|F,Zi,...,Z,) = Cj{V^Y,Z,,...,Z^) 

which can be derived by comparing eqn (!25|) with the corresponding expression from 
eqn (127|) taking into account that, for 1 ^ ? ^ A;, 

cD(y,z„...,[x,zj,...,z,) = c:;(r,z„...,v^z,,...,z,) 

since L being isotropic and stable under V, the expressions Cj{Y, Z^, . . . , Vzi-^^ • • • 5 ^k) 
and Cj{Y, Z-^^, . . . , T{X, ZJ, . . . , Z^.) vanish under these assumptions. □ 

Conversely, we can use a partition of unity argument to prove that the conditions stated 
in Proposition [5] ((u) is vertically closed and L is involutive) are not only necessary but also 
sufficient to guarantee existence of torsion-free polysymplectic connections. 

Theorem 3 Let P be a poly (pre) symplectic fiber bundle over a manifold M with 
poly (pre) symplectic form Cj and involutive polylagrangian distribution L. Then there exist 
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torsion-free poly (pre) symplectic connections V on P, and the set of all such connections 
constitutes an affine space whose difference vector space can, for non- degenerate Cj, he 
identified with the space of all vertical tensor fields of rank k + 2 on P taking values in the 
auxiliary vector bundle 7r*{T) which (a) have symmetry corresponding to the irreducible 
representation of the permutation group Sk+2 given by the Young pattern 



□ 

(with k boxes in the first column) and (b) vanish whenever at least two of their arguments 
are along L. 

Proof: Concerning existence, we can under the hypotheses of the theorem apply the 
polysymplectic Darboux theorem (see [121 Theorem 10]) to guarantee that locally (i.e., on 
a sufficiently small open neighborhood of each point of P), there exists a torsion- free fiat 
polysymplectic connection on P: it is simply the partial linear connection in VP along VP 
whose Christoffel symbols vanish identically in these coordinates. Now using a covering 
of P by such Darboux coordinate neighborhoods, passing to a locally finite refinement 
(f^a)aGA, denoting the corresponding family of partial linear connections by {ya)a&A and 
choosing a partition of unity (Xa)aGA subordinate to the open covering (f/a)aeA, we can 
define 

V = 5^ XaV„ . 

Then it is clear that V is a partial linear connection in VP along VP, preserves Q) as 
well as L and is torsion-free, since this is true for each Vq and since the conditions of 
preserving a given differential form, of preserving a given vector subbundle and of being 
torsion-free are all local (i.e., behave naturally under restriction to open subsets) as well as 
affineE Regarding uniqueness, or rather the amount of non-uniqueness, we can write the 
difference between any partial linear connection V' in VP along VP and a fixed torsion-free 
polysymplectic connection V on P in the form 

V^Y = V^Y + S{X,Y) . 

Moreover, we introduce a (totally covariant) vertical tensor field of rank A; + 2 on P 
taking values in T which, for non-degenerate a), carries exactly the same information as S 
itself, given by 

Us{X. r, Z„ . . . , Z,) = uiSiX, Y),Z„..., Z,) . 

Obviously, (jg is totally antisymmetric in its last k arguments and it is clear that V will 
be torsion-free if and only if S is symmetric, or equivalently, is symmetric in its ffist 

^With respect to curvature, the same comment as in Footnote |4] applies. 
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two arguments, that V will preserve u if and only if S satisfies the identity 

k 

id{S{X, Y),Z,,...,Z,) + Z,,..., Z,_,, S{X, Z,), . . . , Z,) = , 

i=l 

or equivalently, satisfies the cyclic identity 

k 

'^si^y YyZ^,. . . , Z^,) - ^ ojsi^y Z^, ^1, . . . , Zi_^, Y, . . . , Zfc) = , 

i=l 

and that V will preserve L if and only if S{X, Y) is along L whenever XotY are along L, 
or equivalently, Ug vanishes whenever at least two of its arguments are along L. Finally, it 
is well known that, together with symmetry in the first two arguments and antisymmetry 
in the last k arguments, this cyclic identity identifies the tensor as belonging to the 
irreducible representation of the permutation group 5*^+2 given by the Young pattern 
stated in the theorem; see, e.g., [191 P- 249]. □ 



5 Multisymplectic connections 

We begin by stating the definition of a multisymplectic structure, as given in Ref. |12] . 
To this end, we recall first of all that given a fiber bundle P over a manifold M with 
bundle projection tt : P — > M, an r-form on P is said to be (r — s)-horizontal, where 
^ s ^ r, if its contraction with more than s vertical vectors vanishes; we shall in what 
follows denote the bundle of such forms by /\l T*P. 

Definition 5 A multipresymplectic fiber bundle is a fiber bundle P over an 
n- dimensional manifold M equipped with a (A; + 1 — r)-horizontal {k + l)-form 

u e T[^''X^ T*P) 

of constant rank on the total space P, where 1 ^ r ^ k + 1 and k + 1 — r ^ n, called 
the multipresymplectic form and said to be of rank N and horizontality degree 

k + 1 — r, such that u is closed^ 

du = . (29) 

and such that at every point p of P , Up is a multipresymplectic form of rank N and hori- 
zontality degree k + l — r on the tangent space TpP: this means that there exists a subspace 
Lp of TpP contained in VpP and of codimension N there, called the multilagrangian 

^Once again, the possible absence of the integrabihty condition duj = will be indicated by adding 
the term "almost" . 
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subspaceV^ such that the "musical map" 

ul : A' t;p 

or 

u:^. v^p ^ Ar',T;p 

given by contraction of in its first argument, when restricted to L^, yields a linear 
isomorphism 

Ljkeiu^ ^ A'i^p n AM^t;p . 

Moreover, it is assumed that the kernels ker uj^ as well as the multilagrangian subspaces 
at the different points of P fit together smoothly into distributions ker u and L on P: 
the latter is called the multilagrangian distribution of u. If u is non-degenerate, we 
say that P is a multisymplectic fiber bundle and u is a multisymplectic form. 
If M reduces to a point, we speak of a multi(pre) symplectic manifold. The case of 
main interest is when u is an [n — l)-horizontal {n + l)-form, i.e., k = n, r = 2. 

Again, the characteristic feature of a multisymplectic fiber bundle P with a multi- 
symplectic form u is the existence of a special subbundle L of its tangent bundle TP, 
contained in its vertical bundle VP, which is not only lagrangian (in particular, isotropic) 
but has the even stronger property that the "musical vector bundle homomorphism" 
^ -.TP — ^ A T*P or u° : VP — > Ar-i ; when restricted to L, provides a vector 
bundle isomorphism 

J : L ^ K^L^ n Ar-i T*P . (30) 

As has been proved in Ref. [12], as soon as > 2, L is necessarily involutive. 

Again, the following example provides a "standard model" of a multisymplectic fiber 
bundle: 

Example 2 Let E be an arbitrary fiber bundle over an n- dimensional manifold M, 
with projection tie '■ E — > M. Consider the bundle 

P = A,!iT*E (31) 

of (/c + 1 — r)-horizontal fc-forms on E, where 1 ^ r ^ k + 1 and k + 1 — r ^ n, 
with projections tTj.'Ii : P — > E and vr = vr^; o tTj.^i : P — > M. Using the tangent 
map Tti,j,^^ : TP — )■ TE of ti^^i, we define the canonical /c-form on P, which is a 
{k + 1 — r)-horizontal fc-form 9 on P, by 

^aK,---,^fc) = a{T^T:J'_^-v^,...,T^n^^_^-Vf^) ^^^^ 
for a E P and v-^, . . . ,Vf^ E T^P . 

-'^"The terminology, as well as the justification for using the definite article, stems from the fact that 
this subspace, if it exists, is more than just lagrangian (in particular, isotropic) and, as soon as either 
r < k + 1 or else r = k+1 and then n = 0, N > k > 1 and also either k + l — r<noi else k + l — r = n 
and then + n > A: > n + 1. is necessarily unique. 
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Then u = —dO is a multisymplectic {k + l)-form, with multilagrangian distribution 
L = kei (Tit j.'^-^) (the vertical bundle for the projection to E), contained in VP = ker(T7r) 
(the vertical bundle for the projection to M). 

When k = n and r = 2, we have the "standard model" of a multisymplectic fiber bundle 
since in this case, as is explicitly demonstrated in the literature [HIISIITT], P can be 
identified with the twisted dual J®E of the jet bundle JE of E, i.e., we have a canonical 
isomorphism 

J®E = Ai T*E (33) 

of vector bundles over E. This bundle plays a central role in the covariant hamiltonian 
formalism of classical field theory [^ [T3lfT6| fT7] . 

Again, as a first application of the isomorphism fl5Ul) beyond those discussed in 
Ref. [12], we show that it allows us to construct a multisymplectic version of the Bott 
connection. Namely, consider the k-th exterior power of the Bott connection in L"*", as 
defined in eqns ([3]) and (jlj) (with X(M) replaced by X(P)), which is a partial linear con- 
nection in /\^ L"*- along L: it is still given by a suitable restriction of the Lie derivative 
of forms; explicitly, 

k 

(V|a)(n,...,n,) = X-{a{Y„...,Y,)) - ^ a(n, . . . , [X, FJ, . . . , F,) 

1=1 ^ ) 

for X G r(L), a G r(A' L^), Y,, . . . e X(P) . 

Now noting that it preserves A i^^n A._i T*p (the expression in eqn (134|) vanishes if at 
least r of the vector fields Y^^, . . . , Y"^ are vertical, since L C VP and VP is involutive), 
we can use the isomorphism (I5U]) to transfer it to a partial linear connection V"^ in L 
along L and arrive at 

Definition 6 Let P be an almost multisymplectic fiber bundle over a manifold M with 
almost multisymplectic form u and involutive multilagrangian distribution L. Then there 
exists a naturally defined partial linear connection in L along L which we call the 
multisymplectic Bott connection; explicitly, it is determined by the formula 



(V|F, Z„ . . . , Z,) = X-(a;(F,Zi,...,Z,))- J]a;(F,Zi,...,[X,Zj,...,Z,) ^^^^ 



a; _ ^ 

i=l 

for X,YeT{L), Z,,...,Z,eX{P) . 



As in the symplectic case, the multisymplectic Bott connection is flat, and for its torsion 
we have the following analogue of Theorem [TJ 

Proposition 6 Let P be an almost multisymplectic fiber bundle over a manifold M 
with almost multisymplectic form u and involutive multilagrangian distribution L. Then 
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if u is closed, the multisymplectic Bott connection has zero torsion. More generally, 
the torsion tensor of is related to the exterior derivative of u by the formula 

duiX,Y,Z„...,Z,) = u;(r^(X,F),Zi,...,Z,) 

for x,Y eriL), z„...,z,eX{P) . 

In particular, this implies that in a multisymplectic fiber bundle, the leaves of the multi- 
lagrangian foliation are flat affine manifolds. 

Proof: The proof is identical to the proof of the Proposition H] and will therefore not 
be repeated here. □ 

Now we turn to multisymplectic connections, whose definition is analogous to the ones 
given previously, the main difference being that these are full connections and not just 
partial ones. 

Definition 7 A multi(pre) symplectic connection on an almost multi(pre)- 
symplectic fiber bundle P over a manifold M with almost multi(pre) symplectic form u 
and multilagrangian distribution L is a linear connection V in P which preserves both 
oj and L, as well as the vertical bundle VP of P; in particular, it satisfies Vw = 0, or 
explicitly, 

k 

X.{uj{X,,...,X,)) = J]a;(Xo,...,V^X„...,X,) 
for X,Xo,...,X,eX(P) . 

From the point of view of fiber bundle theory, the requirement that the vertical bundle 
should be invariant under parallel transport with respect to V is a natural consistency 
condition: it is necessary in order that parallel transport maps points in the same fiber 
to points in the same fiber. Concerning invariance of the multilagrangian distribution, we 
note as before that as soon as L is unique, the invariance of u under parallel transport 
with respect to V already implies that of L. In the few exceptional cases where this 
uniqueness does not prevail!^ invariance of L becomes a separate condition. 

Finally, we note that the existence of torsion-free multisymplectic connections imposes 
the same kind of constraints as before and that when these constraints are satisfied, such 
connections can be completely classified. We just give the statements and omit the proofs 
since these are obtained by almost literally repeating those of Proposition [5] and Theorem[3] 
above. 

Proposition 7 Let P be an almost multi(pre) symplectic fiber bundle over a manifold M 
with almost multi (pre) symplectic form u and multilagrangian distribution L. Then if 
there exists a torsion-free multi(pre) symplectic connection V on P, u must be closed and 
L must be involutive. More generally, the torsion tensor T of a multi (pre) symplectic 
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connection V on P is related to the exterior derivative of u by the formula 



du{Xo,...,Xi^) 



J2 i-^y^' ^inx„ x^),x„ ...,x„...,x^,...,x,) 



(38) 



for X„...,X,eX{P) . 



Finally, if u is non- degenerate, the restriction of any torsion-free multisymplectic con- 
nection to L coincides with the multisymplectic Bott connection in L. 



Theorem 4 Let P he a multi(pre)symplectic fiber bundle over a manifold M with 
multi(pre)symplectic form u and involutive multilagrangian distribution L. Then there 
exist torsion-free multi(pre)symplectic connections V on P, and the set of all such connec- 
tions constitutes an affine space whose difference vector space can, for non- degenerate u, 
be identified with the space of all tensor fields of rank k + 2 on P which (a) have symmetry 
corresponding to the irreducible representation of the permutation group Sk+2 given by the 
Young pattern 



(with k boxes in the first column) and (b) vanish whenever at least r + 1 of their arguments 
are vertical or at least two of their arguments are along L. 



6 Structure Theorems 

In the previous two sections, we have presented " standard models" for polysymplectic 
and multisymplectic fiber bundles: they are certain bundles of forms built over a given 
fiber bundle, much in the same way as the cotangent bundle of a given manifold is the 
"standard model" of a symplectic manifold. But of course we may wonder whether there 
are other interesting examples, based on other methods. In particular, a natural question 
to ask is whether there exists a polysymplectic or multisymplectic analogue not only of the 
cotangent bundle construction, but also of the coadjoint orbit construction of symplectic 
geometry. 

An alternative approach consists in looking at the converse question, which in the con- 
text of symplectic geometry can be stated as follows: How can we characterize, among all 



Proof: Analogous to that of Proposition [51 



□ 



□ 



Proof: Analogous to that of Theorem [3J 



□ 
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symplectic manifolds, those which (up to a symplectomorphism) are cotangent bundles? 
As it turns out, this issue is solved by Weinstein's tubular neighborhood theorem. 

As an initial step, we mention two conditions that are obviously necessary: for a 
symplectic manifold P to be symplectomorphic to the cotangent bundle T*Q of some 
other manifold Q, it must be exact (the de Rham cohomology class of its symplectic 
form must vanish), and it must admit a lagrangian foliation, whose leaves are of course 
the cotangent spaces. Note that each of these conditions already excludes most of the 
interesting coadjoint orbits, such as Souriau's 2-sphere and, more generally, all (co)adjoint 
orbits of compact semisimple Lie groups, which are also Kahler manifolds. But there are 
at least two other aspects that turn out to be important. 

The first aspect is that P admits not only a lagrangian foliation but also lots of sub- 
manifolds complementary to it: these submanifolds, which may or may not be lagrangian, 
are the graphs of l-formsl"1 (As is well known, such a graph is a lagrangian submanifold if 
and only if the corresponding 1-form is closed.) Note, however, that even though there are 
many such complementary submanifolds (there are even many of them passing through 
each point of P), they are isolated, i.e., there is no canonical way to make them come in 
families that would form a second foliation complementary to the first one. But at any 
rate, they are natural candidates for a manifold Q satisfying P = T*Q. 

The second aspect is that the lagrangian foliation is not arbitrary but is simple, i.e., 
the quotient space of leaves can be given the structure of a manifold such that the canon- 
ical projection becomes a surjective submersion. Again, this quotient space is a natural 
candidate for a manifold Q satisfying P = T*Q. 

Weinstein's tubular neighborhood theorem deals with the converse question: Suppose 
that P is a symplectic manifold, with symplectic form u, which admits a simple lagrangian 
foliation J-" (i.e., a lagrangian foliation whose leaves are the connected components of the 
level sets of a surjective submersion from P onto some other manifold), and let Q be 
any submanifold of P complementary to In its original version [23, the theorem 

states that if Q is lagrangian, then there is a tubular neighborhood of Q in P which is 
symplectomorphic to a neighborhood of the zero section of the cotangent bundle T*Q 
of Q. This result is easily generalized to the case when Q is not lagrangian: it is enough 
to substitute the standard symplectic form —d6 on T*Q by a modified symplectic form 
—d6 + t*u!q where r is the canonical projection of T*Q to Q and ujq is the restriction 
of u to Q; see [S]. A global version of this result was given by Thompson [SB], under 
the hypothesis that the leaves of J-" are simply connected and geodesically complete: in 

"'^"'^We use the term "complementary" as a stronger version of the term "transversal": given two sub- 
manifolds Xi and X2 of a manifold X and a point x in their intersection, we say that they are transversal 
at X if TxX = TxXi + TxX2 and are complementary at x if T^Xi © TxX2 = T^X . In the literature, a 
submanifold complementary to the leaves of a foliation is often called a "cross section" of that foliation - 
a term inspired by fiber bundle theory when the submanifold is the graph of some map. 

^^Note that the condition that Q should be complementary to J-' is only local: it docs not guarantee 
that the intersection of Q with every leaf of reduces to a single point. All it implies is that this 
intersection must be discrete and hence at most countable, but it can contain many distinct points or, at 
the other extreme, even be empty. 
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this case, the manifold P becomes an affine fiber bundle over the quotient manifold P/J-" 
whose difference vector bundle is its cotangent bundle T*(P/J-'), and therefore there exist 
submanifolds Q oi P complementary to J-" which satisfy Q = P/J^, i.e., which meet every 
leaf of J-" in precisely one pointjil Furthermore, when we choose one such submanifold Q, 
we get a global symplectomorphism from P onto T*Q that takes uj to —dO or, more 
generally, to —dO + t*ujq , as before. The problem with the approach of is that it is 
not intrinsic, since the structure of P as an affine bundle over P/ T and the meaning of 
geodesic completeness of the leaves seem to depend on the choice of additional ingredients 
(the author uses an auxiliary riemannian metric, or rather its Levi-Civita connection). 

In the remainder of the paper, we shall not only give a much more transparent proof of 
all these theorems, but we shall also show that this allows us to generalize them, without 
any additional effort, to the setting of polysymplectic and multisymplectic geometry, 
where they become natural structure theorems since these geometries come with an in- 
built lagrangian foliation, right from the start. The main natural ingredients used in our 
proofs, whose importance in this context seems to have been underestimated in the past, 
are (a) the Bott connection and (b) the concept of Euler vector field. 



7 Simple foliations by flat affine manifolds 

The main technical tool, which in what follows will be employed in various different con- 
texts and which therefore deserves to be treated separately, in order to avoid unnecessary 
repetitions, is the notion of a simple foliation of a manifold by flat affine submanifolds. 

Initially, suppose that P is any manifold. According to the Frobenius theorem, a 
foliation T oi P corresponds to an involutive distribution L on P, such that for every 
point p in P, 

-^p — Tp J' p , (39) 

where J^p is the leaf of J-' passing through p. Such a foliation is called simple if its leaves 
are the connected components of the level sets of a surjective submersion vr : P — > P, 
that is, for p E P and p E P with p = 7r{p), we have 

J-p = connected component of tt~^{p) containing p . (40) 

In particular, a flber bundle with connected flbers is a simple foliation. It is also obvious 
that the leaves of a simple foliation are closed embedded (and not just immersed) submani- 
folds. Finally, given any surjective submersion ir : P — > P, we can always decompose 
the projection vr into the composition of two projections, 

P ^ P/T ^ P , (41) 

^■^This follows from the fact that an affine fiber bundle always admits global sections (which is easy to 
prove using partitions of unity). 
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where the first is a surjective submersion with connected fibers and the second is a local 
diffeomorphism. 

Given an arbitrary surjective submersion vr : P — > P, there are two special types 
of vector fields on the manifold P: vertical vector fields and, more generally, projectable 
vector fields: 

Definition 8 Let P and P be manifolds and vr : P — > P be a surjective submersion. 
A vector field X on P is said to be vertical ( with respect to ir) if for any p E P, 
TpTT ■ X{p) = 0, and is said to be projectable (with respect to n) if for any pi,p2 G P 
with 7r(pi) = tt{p2), Tp^n ■ X{p^) = Tp^n ■ Xi^p^). 

If X is a projectable vector field on P, then it is clear that for any p E P, there exists a 
unique vector X{p) G TpP such that Tpir ■ X{p) = X{p) for all p G P with 7r(p) = p, 
and using local charts for P and P in which the submersion vr is represented by a constant 
projection, we can check that since X is smooth, so is X. Thus we can characterize a 
projectable vector field as a vector field X on P which can be pushed forward by vr to 
a (unique) vector field X on P, to which it is tt- relatedH and a vertical vector field as 
a projectable vector field which, when pushed forward by tt, gives zero. This implies 
immediately that in the Lie algebra j£(P) of vector fields on P, the projectable vector 
fields form a Lie subalgebra Xp{P) and the vertical vector fields form an ideal Xv(P) 
within this Lie subalgebra, i.e. 

Y, Z projectable =^ [Y, Z] projectable , (42) 

X vertical, Y projectable =^ [X, Y] vertical . (43) 

Finally, we have 

Lemma 1 Let P and P be manifolds and vr : P — y P be a surjective submersion. 
Then every vector field X on P is the push-forward of some projectable vector field X 
on P by TT . 

Proof: Using local charts of P and P where the submersion vr is represented by a 
constant projection, we see that every point p of P has an open neighborhood Up on 
which we can construct a vector field Xp that projects to ^^jj y Choosing a locally 
finite refinement {Ui)i^i of the open covering {Up)p(zp of P and a subordinate partition of 
unity {x-ijieii can define a vector field X on P by 

and verify that its projects to X. □ 



"'^'^ Recall that given any smooth map / : M — !• N between manifolds M and N , two vector fields X 
on M and Y on N are said to be /-related if for every point m of A^, we have Tmf ■ X{m) = Y{f{m)). 
An elementary but important theorem, used constantly, states that if Xi on M and Yi on N are /-related 
and X2 on M and Y2 on N are also /-related, then their Lie brackets, [Xi, X2] on M and [Yi, Y2] on N, 
are /-related. 



23 



Thus we obtain the following exact sequence of Lie algebras: 

— y Xv{P) — y Xp{P) — y X{P) — y . (44) 
For later use, we note the following corollary: 

Lemma 2 Let P and P be manifolds and vr : P — y P be a surjective submersion. 
Then for every tangent vector u G TpP , there is a projectable vector field X on P such 
that X{p) = u. 

Now we turn to the main subject of this section: the study of manifolds P equipped 
with a simple foliation J-" whose leaves are flat affine submanifolds of P. This means 
that the involutive distribution L tangent to J-", according to eqn (159]) . is endowed with 
a partial linear connection V with vanishing curvature and torsion. In this case, we can 
define two special types of fields on P, both of which are vertical (i.e., along J-", or L) that 
play an important role: the covariant constant vector fields and the Euler vector fields: 

Definition 9 Let P be a manifold equipped with a simple foliation T with involutive 
tangent distribution L, and let V be a partial linear connection in L along L with van- 
ishing curvature and torsion. We say that a vector field X tangent to T is covariantly 
constant along the leaves of T , or simply covariantly constant, if for any vector field Z 
tangent to T , we have 

V^X = . (45) 

We also say that a vector field S tangent to T is an Euler vector field if for any vector 
field Z tangent to J-", we have 

V^S = Z . (46) 

The standard situation where these types of vector fields can be defined naturally is on 
the total space of a vector bundle: in this case, there is a preferred Euler vector field, 
namely, the one that vanishes on the zero section. However, the same construction also 
works for affine bundles - although in this case, we lose uniqueness of the Euler vector 
field, since the notion of the zero section has disappeared. In general. Definition |9] implies 
immediately that the sum of a covariantly constant vector field and an Euler vector field 
is an Euler vector field, and conversely, the difference between two Euler vector fields is 
a covariantly constant vector field, so the Euler vector fields constitute an affine space 
whose difference vector space is the space of covariantly constant vector fields. It is also 
clear that both types of vector fields are uniquely determined by their value at a single 
point of each leaf, and using local coordinate systems adapted to the surjective submersion 
P — y P/T in which the Christoffel symbols of the connection V vanish identically, we 
can prove that both always exist, at least locally. 

Completing the "menu" of ingredients, suppose now that Q is a submanifold of P 
complementary to J-", i.e., for every point q of Q, we have 

T,P = TgQ © TqJ^g = T,Q © Lg . (47) 
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Note that this condition of complementarity does not necessarily imply that Q must 
intersect all leaves. However, considering again the surjective submersion vr : P — > Pj^ ■, 
it does imply that every point of Q has an open neighborhood in P whose intersection 
with Q is a local section of tt and, hence, that 7r((5) is open in PjT. Moreover, it also 
implies that the inclusion of Q in P, followed by the projection tt, as a map 

Q PIT (48) 

is a local diffeomorphism onto its image, which is an open submanifold of PjT . Thus, 
replacing P by its open submanifold 7r^^(7r((5)) and T by restriction to this submanifold, 
we can assume without loss of generality that Q intersects all leaves, i.e., that the map f HS]) 
is surjective. 

With these preliminaries out of the way, we want to show how to build, using the 
geodesic flow with respect to the connection V that radially emanates from Q, a canonical 
local diffeomorphism, denoted by expg and adequately called the exponential, between 
the vector bundle L\ and the manifold P. More precisely, if for q E Q and Ug E L„, the 

I 

geodesic in Tg with initial position q and initial velocity Ug is (momentarily) denoted by 
F{ . ; Ug), the map 

expg : Dom(expQ) — > P (49) 

with domain given by 

Dom(expQ) = [J { G | F(l; Ug) exists } (50) 

is defined by 

expQ(Mg) = F{l;ug) . (51) 

This allows us to immediately get rid of the symbol F for the geodesic flow, which is 
anything but self-explanatory, since the geodesic in Tg with initial position q and initial 
velocity Ug is the curve given by s (-)■ expQ(sUq), i.e., we have 

eXpQ(SMg) = g , eXpQ(S'Ug) = Ug (52) 

s=o as s=o 

Obviously, the domain Dom(expQ) of the exponential is a tubular neighborhood of Q 
in L\q^ and by the fundamental theorem about the dependence of solutions of differential 
equations on the initial conditions and on parameters, the map expg is differentiable (i.e., 
smooth) and induces the identity on Q. 

Lemma 3 Under the hypotheses stated above, the exponential (^5]) is a local diffeo- 
morphism onto its image, which is an open submanifold of P. 



25 



Proof: As L| and P have the same dimension, it suffices to prove that for all vectors 

I 

Uq in the domain of the exponential, its tangent map 



Tu, expQ : Tu^{L\ 



TcxpQ{Ug)P 



is injective. When Ug is the zero vector, this is obvious, since for all g G Q, we have 
natural direct decompositions of the tangent spaces to L| and to P at g in a " vertical 

I 

part" and a " horizontal part". 



TqQ 



with respect to which the tangent map 

T^expg : T,(L|q) 



TgP 



is simply the identity. Thus let us consider the general case where Ug G Lg is any vector 
in the domain of expg and Vu^ G Tug{L\^) is a tangent vector to the total space of the 

vector bundle over Q. Suppose that T^^expg-f^^^ = 0. Then applying the tangent 
functor to the commutative diagram 



expQ 



Q 



p 



■p/7 



where the lower horizontal arrow is the local diffeomorphism 



we conclude that v,, 



must be vertical and, as Kj (i^ 



Lg, can be identified with a vector f „ G L„ ; more 



explicitly, G 14, is the tangent vector 



and hence T^^ expg ■ v^^ is the tangent vector 

d 



T 



expg 



dt 



expg(% + tfg 



i=0 



This shows that expg ■ is the value, at s = 1, of a Jacobi field along the geodesic 
s expg(sMg), defined as the variation of the following one-parameter family of geodesies: 

eXpQ{s{Ug + tVg)) , 

where t is the family parameter and s is the geodesic parameter (for fixed t). Explicitly, 
the value of this Jacobi field at the point expg(sUq) is 



di 



eWQ{s{uq + tVg)) 



i=0 
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showing that if T^^expg-f^^ = 0, it must vanish at s = and at s = 1, i.e., q and 
p = expq^Uq) would be conjugate points along the geodesic s i— )■ expQ(sMg). But the 
condition that the connection V has vanishing curvature and torsion excludes the existence 
of conjugate points along any geodesic, because the differential equation for a Jacobi 
field, written in components for an autoparallel frame along that geodesic, reduces to an 
equation of the form d'^X^/ds^ = 0, whose solutions have exactly one zero - no more, no 
less. □ 

In particular, it follows that the exponential (149|) provides a diffeomorphism 

expQ -.Uo (54) 

of a convex neighborhood Uq of Q in the vector bundle with a tubular neighborhood 
U of Q in By construction, this diffeomorphism is affine. 

In the case of geodesic completeness, we can prove an even stronger claim: 

Lemma 4 Under the hypotheses stated above, and if P is geodesically complete with 
respect to V, the exponential [J^ j defines a covering 

expg : L\^ — > P (55) 

which, for every point q of Q, induces a universal covering 

expg : Lq — > J'q (56) 

of the leaf J-g by the fiber Lg. In particular, if all leaves J-g are simply connected, the 
exponential provides a global affine diffeomorphism between and P. 

Proof: Under the hypothesis of geodesic completeness, the domain of the exponential 
expg is the entire vector bundle L|^. Moreover, the hypothesis that the connection 
V should have vanishing curvature and torsion implies that for every point q of Q, the 
restriction exp^ of expg to the fiber Lg is an affine map from the vector space Lg, equipped 
with the trivial linear connection, to the leaf J-g, equipped with the linear connection 
Vg = V|t-. (For a much more general statement, see, for example, [231 Chapter 6, 

J-q 

Theorem 7.1, p. 257].) So, the lemma follows from a general theorem, stated in more detail 
and proved in Appendix B, according to which every affine map from a connected, simply 
connected and geodesically complete affine manifold M to a connected affine manifold 
M', if it is a local diffeomorphism, it is even a covering; in particular, it is automatically 
surjective (and M' is automatically geodesically complete). □ 

Another result which we shall need in what follows concerns differential forms on 
foliated manifolds: 

^^A neighborhood of the zero section of a vector bundle is called convex if its intersection with each 
fiber is a convex neighborhood of the origin in that fiber. 
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Proposition 8 Let P be a manifold equipped with a simple foliation T with involutive 
tangent distribution L, and let a be a k-form on P. Then a is the pull-back of a k-form 
aq on the quotient manifold Q = P/J^ by the projection ir : P — > Q, a = vr*aQ, if 
and only if, for all vector fields X along , X E r(L), we have ixO. = (horizontality 
condition) and l^x^ — (condition of constancy along the leaves). 

Proof: First, observe that for a to be the pull-back of a A;-form aq on the quotient 
manifold Q, we must have 

a{p){ui,...,Uk) = aq{TT{p)){Tpn ■Ui,...,TpTr -Uk) ^^^^ 
for p e P, ui, . . . ,Uk e TpP 

Thus if any of the vectors ui, . . . ,Uk belongs to Lp, this expression vanishes, so for any 
X G r(L), we must have Zj^a = and therefore also 

Conversely, it is clear that if we use eqn fl57|) to define aq in terms of a, we must ensure 
(i) that for fixed p E P, the expression on the Ihs of this equation does not depend 
on the representatives Ui G TpP of the vectors Tpir ■ Ui G Ttj(p)Q, which is guaranteed 
by the condition of horizontality {ixC( = for X G r(L)), and (ii) that the expression 
on the Ihs of this equation does not depend on the representative p G P of the point 
7r(p) G Q : this can be derived from the condition of constancy along the leaves (Lj^a = 
for X G r(L)), as follows: Let p and p' be two points of P such that n{p) = vr(p') : 
this means that they belong to the same leaf F, and therefore there is a curve 7 entirely 
contained in the leaf F with 7(0) = p and 7(1) = p' ; in particular, we have 7(5) G L^(^s) 
for ^ s ^ 1, and we can further assume that 7(5) > for ^ s ^ 1. Using a partition 
{sa)a=i,...,r of the interval [0, 1] (0 = sq < -^i < • • • < < s^+i = 1) and a finite family 
{Ua)a=o,...,r of chart domains Ua for P where vr is represented by a constant projection 
onto some subspace, together with some smooth cutoff function of compact support on P 
that is 1 on an open neighborhood of the image of the curve 7, it becomes evident that 
we can find a vector field X on P along J-", X G r(L), which extends 7, i.e., such that 
7(5) = X{'-f{s)) for ^ s ^ 1. But this means that 7 is an integral curve of X and, 
more than this, that close to p = 7(0), the fiow Fx of X is defined at least up to s = 1, 
so that there exist open neighborhoods Uq oi p = 7(0) and Ui of p' = 7(1) such that 
the fiow for time 1 establishes a diffeomorphism Px(l, .) : Uq — y Ui which preserves the 
leaves of J-', since X is tangent to J-', i.e., we have 7r|^^ = Fx{l, ■) Now, Lj^a = 

implies Fx{l, ■)*{a\jjj = aj^^, so using p' = Fx{l,p) and setting u'^ = TpFx{l, ) ■ Ui 
{1 ^ i ^ k), we obtain T^/tt ■ u'^ = Tpir ■ Ui [1 ^ i ^ k) and 

□ 
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8 Foliated symplectic manifolds 



In this section, we consider the geometry of a fohated symplectic manifold, or more 
precisely, of a symplectic manifold P, with symplectic form u, that comes equipped with 
a simple lagrangian foliation J-". Of course, lagrangian foliations may exist or not, and they 
can be simple or not: a classical example of a symplectic manifold which does not admit 
any lagrangian foliation is the sphere S"^ ("no-hair theorem"), while a classical example of 
a lagrangian foliation which is regular but not simple is the irrational flow on the torus 
(in both cases, the symplectic form is the standard volume form). But in the case of 
a simple lagrangian foliation, the quotient space Q = P/J-' admits a unique manifold 
structure such that the canonical projection vr from P to Q is a surjective submersion. 
Note that with this convention, Q is a quotient manifold of P, but nothing guarantees 
"a priori" that it can be realized as a submanifold of P, so the existence of an embedding 
of Q into P as a closed submanifold is an additional condition that must be imposed 
separately or deduced from other additional assumptions^ In any case, the hypothesis 
that the foliation J-" is lagrangian provides a canonical partial linear connection in L 
along L with vanishing curvature and torsion, namely the Bott connection V"^ introduced 
earlier: it implies that the leaves of J-" are fiat affine manifolds and is the crucial ingredient 
in the proof of the following statement: 

Theorem 5 Let P be a symplectic manifold, with symplectic form uj, equipped with 
an involutive lagrangian distribution L. Suppose that the corresponding foliation T is 
simple, writing its leaves as the level sets of a surjective submersion irp : P — y Q, 
and suppose finally that the quotient manifold Q = P/T can be realized as a closed em- 
bedded submanifold of P. Under these circumstances, consider the musical isomorphism 
cu" : L\ — > L\ (see eqn together with the isomorphism L\ = T*Q (which arises 
from the direct decomposition and combined with the exponential expg as defined 

in Sect. 7. Then we have the following: 

• The composition of these isomorphisms provides a diffeomorphism cj) : V — > U 
of a tubular neighborhood U of Q in P with a convex neighborhood V of the zero 
section of the cotangent bundle T*Q of Q. 

• If the leaves of T are geodesically complete with respect to the Bott connection, the 
composition of these isomorphisms provides a covering of P by the cotangent bundle 
of Q,<P:T*Q^P. 

^^In general, there may be topological obstructions to the existence of an embedding of Q into P. Such 
obstructions are of global nature, since the submersion theorem (or local slice theorem) states that locally, 
there is always such an embedding. As an example of a set of additional conditions that guarantees its 
global existence, we mention the hypotheses in the third item of Theorem [5] below - namely that the 
leaves are geodesically complete with respect to the Bott connection and simply connected, as these 
ensure that P is an affine bundle over Q, and affine bundles always admit global sections. 
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• // the leaves of T are geodesically complete with respect to the Bott connection and 
simply connected, the composition of these isomorphisms provides a diffeomorphism 
of P with the cotangent bundle of Q, (p : T*Q — > P . 

Furthermore, preserves fibers, mapping T*Q onto (or, in the first case, V fl T*Q 
onto U n J^g), and defining 

e = -i^(p*uj , (58) 

we have that (j)*u + d6 is the pull-back of a closed 2- form Uq on Q by the projection r 
of T*Q to Q: 

(j)*uj + de = t*uJq . (59) 

Finally, the cohomology class [wq] G H'^{Q) of ujq does not depend on the embedding 
employed and thus is an invariant of the foliation T . 

Remark 3 The last statement ensures that is "almost" a symplectomorphism: (f>*iij 
differs from the standard symplectic form of the cotangent bundle only by the pull-back 
of a closed 2-form on the base. If Q is a lagrangian submanifold of P, then ioq = 
and will be a symplectomorphism. In this special case, the first statement of the above 
theorem, which is of local nature (with respect to the structure of P along the leaves 
of the foliation J-"), is known as Weinstein's symplectic tubular neighborhood theorem, 
established in [22]. The third statement has first been proved in Here, besides 

establishing also the second statement, we give a more direct proof for all three of them, 
avoiding the use of additional and artificial ingredients (such as the auxiliary riemannian 
metric employed in [26]): this will also allow us to formulate and prove an extension of 
this theorem to the case of polysymplectic and multisymplectic geometry, treated in the 
next section. 

Proof: In view of Lemmas [3] and HI we just need to prove the final part, contained in 
eqns (158 p and (159 p . To simplify the presentation, we consider only the first and third 
statement, where is a diffeomorphism and hence can be used to identify V with U and 
T*Q with P, respectively. (The second statement, where is just a local diffeomorphism, 
can be treated similarly, taking into account that in this case, the Euler vector field S 
may fail to be globally defined on P, but it can be replaced by a family of Euler vector 
fields locally defined on P, which leads to a family of local formulas of the same type as 
eqns fISS]) and (IS5]) .) Therefore, we suppress the reference to the pull-back by 0. The 
argument will be based on Proposition [HI according to which it is sufficient to show that 
for every vertical vector field X, we have ixi^ + d6) = (horizontality condition) and 
Lixi^ + dO) = (condition of constancy along the leaves). Since u is closed, the second 
of these conditions follows directly from the first: 

ix{uj + de) = =^ hxiio + de) = [dix+ixd){oj + d9) = d{ix{uj + dO)) = 0. 

To prove the first, we must show that for every vector field X along J-" and every vector 
field Y, we have {u + d9){X,Y) = 0, and due to Lemma [21 we may do so assuming. 
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without loss of generality, that Y is projectable. Now using the definitions of the Bott 
connection and of the Euler vector field, we have 



uj{X,Y) = w(V^S,F) = X-a;(S,F) - a;(S, [X,F]) . 

Since X is vertical and Y is projectable, [X, F] is also vertical (see eqn and since 

L is lagrangian, the second term vanishes, so we get 

uj{X,Y) = X-uj{J:,Y) . 



Using the definition of 9, eqn fl58|) . together with the fact that this implies that 9 vanishes 
on vertical vector fields, we have 

{u + d9){X, Y) = uj{X, Y) + X- 9{Y) - Y- 9{X) - 9{[X, Y]) 

= X- Y)+X- 9{Y) - Y- 9{X) - 9{[X, Y]) 
= -X-9{Y)+X-9{Y)-Y-9{X)-9{[X,Y]) 
= . 

Finally, we must address the issue of uniqueness, or rather the amount of non-uniqueness, 
of the decomposition fl59|) . generated by the fact that there are different Euler vector fields, 
corresponding to different choices of the embedding of the quotient manifold P/T into P. 
Thus let El and S2 be two Euler vector fields, and define 9^ = —ij^^u and = —ij^^u. 
Then for every vertical vector field X, 

ix{di-d2) = a;(X,E2-Si) = , 

since L is lagrangian, while for every projectable vector field F, 

1.^{9,-9^){Y) = X- [[9^-9,){Y)) - {9,-9^){\X,Y]) 
= X ■ uiT.^ - Si, F) - a;(S2 - Si, [X, Y]) 
= a;(Vf(S2-Si),F) 
= , 

where we have used the definition of the Bott connection and the fact that S2 — Si is 
covariantly constant. According to Proposition [8l it follows that there is a 1-form 9q on Q 
such that 6*1 — ^2 = '^*9q, implying 

uj + d9i = '^*ooq^ , 00 + d92 = T^*^Q^ 1 

with 

9,-9, = ttWq , - J^^ = d9Q . 
In particular, the cohomology class of ojq does not depend on the choice of embedding. □ 
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9 Structure of polysymplectic and 
multisymplectic fiber bundles 



In analogy with the symplectic case, we can now formulate our main theorem about the 
structure of polysymplectic and multisymplectic fiber bundles. The additional ingredient, 
as compared to the symplectic case, comes from the fact that the underlying manifold P 
is now the total space of a fiber bundle over some other manifold with bundle 

projection denoted by vr : P — )■ M, and that the distribution L is vertical with respect 
to this projection. Roughly speaking, this implies that the submanifold of P representing 
the quotient space P/J^, which is now denoted by E, should be the total space of a fiber 
bundle on M, whose projection will be denoted by tte '■ E — y M, as in the examples in 
Sects 4 and 5. Thus, the condition that ii^ is a submanifold of P complementary to J-" 
and, at the same time, to the fibers of the projection vr, leads us to replace eqn (147|) by 
the condition that for every point e of E, we have 

TeP = TeE © Le and VeP = VeE © Le , (60) 

where VeP denotes the vertical space with respect to the projection vr and V^E denotes 
the vertical space with respect to the projection tie- 

In the case of polysymplectic fiber bundles, we have 

Theorem 6 Let P be a polysymplectic fiber bundle over a manifold M, with projection 
TT : P — y M, polysymplectic form Cj and involutive polylagrangian distribution L. 
Suppose that the corresponding foliation T is simple, writing its leaves as the level 
sets of a surjective submersion irp : P — y E, that tt induces a surjective submersion 
He '■ E — y M so that n = tteoUp, and finally that the quotient manifold E = P/J^ 
(a) can be realized as a closed embedded submanifold of P and (b) is the total space of a 
fiber bundle over M with respect to the projection tie- Under these circumstances, con- 
sider the musical isomorphism Cj'^ : A^-^j^; ® ^|;(^) — ^ L\e (^^^ ^'^^ ^2D\) )- together 
with the isomorphism = V*E (which arises from the direct decomposition / fgOj) ). 

and combined with the exponential exp^ as defined in Sect- 7. Then we have the following: 

• The composition of these isomorphisms provides a diffeomorphism (p : V — y U 
of a tubular neighborhood U of E in P with a convex neighborhood V of the zero 
section of the model vector bundle A'^ V*E © '^*e{T) of ExampleUl 

• If the leaves of T are geodesically complete with respect to the Bott connection, the 
composition of these isomorphisms provides a covering of P by the model vector 
bundle, : A'' V*E © vr^(T) — y P- 

^^In applications to physics, the base manifold M is space-time. In classical mechanics, this reduces 
to a copy of the real line (time axis) which is usually suppressed, but it reappears immediately when one 
considers non-autonomous systems, passing from symplectic manifolds to contact manifolds and then, 
using Cartan's trick of adding yet another copy of the real line (energy axis), back to symplectic manifolds. 
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• // the leaves of T are geodesically complete with respect to the Bott connection and 
simply connected, the composition of these isomorphisms provides a diffeomorphism 
of P with the model vector bundle, (p : /\'' V*E ® t^e{T) — > P . 

Furthermore, cf) preserves fibers, mapping K*-^ ® ^7ri;(e) onto (or, in the first case, 
V n /\^ V*E O T;^(e) onto U n J^J, and defining 

9 = -ij^^*uj , (61) 

we have that + dyd is the pull-back of a vertically closed k-form Cj^ on E by the 
projection tt^ of V*E ® 'K*{f) to E: 

(t)*Cj + dye = {tt'^Yue ■ (62) 

Finally, the cohomology class [w^] G H^{E) of Cj^ does not depend on the embedding 
employed and thus is an invariant of the foliation T . 

Proof: The proof is completely analogous to the proof of Theorem [5] for foliated sym- 
plectic manifolds, and the calculations to verify the formula (I6T]) are carried out with a 
vector field X along T and k projectable vector fields Yi, . . . , y^, all of them vertical with 
respect to the projection tt to M. □ 

Turning to the case of multisymplectic fiber bundles, we have 

Theorem 7 Let P be a multisymplectic fiber bundle over a manifold M , with projection 
TT : P — > M , multisymplectic form u and involutive multilagrangian distribution L. 
Suppose that the corresponding foliation T is simple, writing its leaves as the level 
sets of a surjective submersion up : P — > E, that n induces a surjective submersion 
tte '■ E — )■ M so that tt = tteotTp, and finally that the quotient manifold E = P/J^ 
(a) can be realized as a closed embedded submanifold of P and (b) is the total space of 
a fiber bundle over M with respect to the projection tie- Under these circumstances, 
consider the musical isomorphism : Ar-i-^l^; — ^ (see eqn / TfOj) ). together with 

the isomorphism = T*E (which arises from the direct decomposition ( fgOj) ). and 

combined with the exponential exp^ as defined in Sect. 7. Then we have the following: 

• The composition of these isomorphisms provides a diffeomorphism (p : V — > U 
of a tubular neighborhood U of E in P with a convex neighborhood V of the zero 
section of the model vector bundle f\Ji^T*E of Example\^ 

• If the leaves of T are geodesically complete with respect to the Bott connection, the 
composition of these isomorphisms provides a covering of P by the model vector 
bundle, : KjliT*E — > P . 

• If the leaves of T are geodesically complete with respect to the Bott connection and 
simply connected, the composition of these isomorphisms provides a diffeomorphism 
of P with the model vector bundle, (p : /\^\T*E — )■ P . 
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Furthermore, preserves fibers, mapping f\^_iT*E onto (or, in the first case, 
^ n Ar-i ^ onto U n FJ, and defining 

9 = -ij.<t>*uj , (63) 

we have that (j)*uj + d6 is the pull-back of a closed k-form on E by the projection tiJIi 
of /\^tiT*E to E: 

(j)*u + de = {n^.tiYujE ■ (64) 

Finally, the cohomology class [uj^] G H^{E) of does not depend on the embedding 
employed and thus is an invariant of the foliation J-". 

Proof: Analogous to that of Theorem [6l ehminating only the condition of verticality of 
the projectable vector fields relative to the projection over M. □ 



10 Conclusions 



The main new results reported in this paper are the theorems on existence of torsion- 
free polysymplectic and multisymplectic connections and their complete classification 
(Theorems [3] and Hj), together with the structure theorems on polysymplectic and multi- 
symplectic fiber bundles (Theorems E] and [7]) which show that, under certain mild addi- 
tional assumptions, these are exhausted by the well-known standard examples of bundles 
of forms (Examples [1] and E]). All these generalize corresponding theorems of symplectic 
geometry which we have decided to include not only for the sake of completeness (given 
that most of them do not appear to have been stated explicitly in the existing literature, 
at least not in their full generality), but also because our proofs use different techniques. 
For example, we could not find an explicit statement of the theorem on the existence and 
classification of torsion-free symplectic connections that preserve a single lagrangian foli- 
ation, included here as Theorem [2j (What one can find easily are classification theorems 
for torsion-free symplectic connections which either are subject to no further constraints 
or else are required to preserve two transversal lagrangian foliations: as is well known, 
the latter case leads to a unique answer, namely the bilagrangian connection first con- 
structed by HeB. This situation is somewhat surprising since after all, the case of a single 
lagrangian foliation is very important: it is the situation one encounters when dealing 
with cotangent bundles! Indeed, a cotangent bundle is a symplectic manifold carrying a 
distinguished lagrangian foliation but no natural candidate for a second one that would 
be transversal to it: all one finds are single lagrangian submanifolds transversal to it, 
namely the zero section or, more generally, the graph of any closed 1-form on the base 
manifold.) Similarly, the global versions of Weinstein's tubular neighborhood theorem 
do not seem to have been formulated in their full generality, and the existing proofs use 
rather artificial additional ingredients which, as we show, are really unnecessary. 
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Regarding the extension from symplectic to polysymplectic and multisymplectic geo- 
metry, one of the central concepts is the Bott connection: it is a partial linear connection 
in and along the corresponding polylagrangian or multilagrangian distribution L and is 
a natural geometric object at least when L is uniquely determined and involutive, which 
is the generic case [12]. Since this connection is both torsion-free and flat, it implies 
that, just as in symplectic geometry, the leaves of the corresponding foliation are fiat 
affine manifolds - a fact that imposes severe restrictions on the underlying geometry. 
The upshot is that polysymplectic and multisymplectic geometry is analogous not to the 
geometry of general symplectic manifolds hut rather to that of foliated symplectic mani- 
folds, and that is why there is no generic polysymplectic or multisymplectic analogue of the 
coadjoint orbit construction, since typically such orbits do not admit lagrangian foliations. 

Such observations, when applied to classical field theory, support a general picture 
concerning the role of position variables and momentum variables in physics. 

In the usual hamiltonian formulation of classical mechanics, these variables are essen- 
tially treated on an equal footing: they can be thought of as ingredients of local coordinate 
systems in a symplectic manifold, called phase space, and transformations between such 
local coordinate systems, called canonical transformations, are symmetries of the theory - 
a point of view that has been triumphant in the mathematical treatment of completely 
integrable systems, whose solution is achieved through a judiciously chosen canonical 
transformation to so-called action- angle variables. As a result, many have been led to 
believe that there is a general "democracy" between position and momentum variables. 

However, it is well known that this "democracy" is lost upon quantization: in contrast 
to what happens in classical mechanics, canonical transformations mixing position and 
momentum variables are no longer symmetries of quantum mechanics, since they cannot 
be implemented by unitary operators in the Hilbert space of states. 

What is much less known is that this loss of symmetry is by no means a specific feature 
of going to the quantum world, simply because the same thing happens in (relativistic) 
field theory: here too, this "democracy" just disappears! 

The central reason seems to be that, already at the classical level, relativity is built on 
fundamental new principles of physics that require a clear-cut distinction between the two 
types of variables. Perhaps the most important of them all is space-time locality, which 
postulates that events localized in space-like separated regions of space-time cannot exert 
any direct influence on each other: obviously, this principle refers to space-like separation 
in space-time and not in momentum space! Therefore, it is not a defect but rather a virtue 
of polysymplectic and multisymplectic geometry, whose proposal is to provide the correct 
mathematical framework for the hamiltonian formulation of (relativistic) classical field 
theory, that they incorporate, from the very beginning, a clear geometrical distinction 
between position and momentum variables, in terms of a given distribution describing 
the "collection of all momentum directions". This characterization is as it should be: 
coordinate and frame independent, as well as intrinsically defined and unique; its mere 
existence being in sharp contrast to the situation in symplectic geometry, where specifying 
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a lagrangian distribution is a matter of choice. Thus in (relativistic) field theory, the lack 
of "democracy" in the sense described before is not a quantum effect, but rather the result 
of physical principles which already prevail at the classical level. 

Appendix A: Auxiliary formulas 

In the course of this paper, we have repeatedly made use of the following two elementary 
facts. 

Lemma 5 Let M be a manifold and let L be a distribution on M. Then if there exists 
a torsion-free linear connection V on M preserving L, or more generally, if there exist an 
involutive distribution V on M containing L and a torsion-free partial linear connection 
V in V along V preserving L, L must be involutive. 

Proof: This follows simply by looking at the definition of the torsion tensor of V, 

T(X,r) = V^F - VyX - [X,Y] 

which implies that if V is torsion- free and preserves L, then when X and Y are along L, 
so must be [X, Y] . □ 

Lemma 6 Given a manifold M and a linear connection V on M with torsion tensor T, 
we have for any differential form a of degree r and any r + 1 vector fields Xq, . . . , 
on M 

r 

{V^^a){X,,...,X,,...,X,) 

(65) 

= rf«(Xo,...,Xj + {--^y^' c^iTiX.^,X^),X„...,X,,...,X^,...,X,) . 

Similarly, given a fiber bundle P over a manifold M, with vertical bundle VP, and a 
partial linear connection V in VP along VP with torsion tensor T, we have for any 
vertical differential form a of degree r and any r + 1 vertical vector fields Xq, . . . ,X^ 
on P 

r 

(V^^a)(Xo,...,X„...,X,) 

(66) 
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Proof: Both statements follow from the same elementary calculation: 

r 

(V^^a)(Xo,...,X,,...,X,) 

r 

5^(-irX,-a(Xo,...,X„...,X,) 



1=0 



i=0 



r i— 1 



1=0 j=0 

r r 

-EE (-ir«(^o,---,^.,---,v^^x^,...,x,) 

4=0 j=i+l 



Y,i-iyX,-a{X„...,X„...,X,.) 

i=0 

+ E (-ir+^«(Vx.X^.-V^^,X,,Xo,...,l„...,X^,...,X,) 

(iQ!(Xo, . . . , X^) or (iyQ;(Xo, . . . , X^) 
+ E (-1)^^' - X, - [X,, X^.] , . . . , X,, . . . , X^, . . . , xj 



□ 



Appendix B: AfRne manifolds and maps 

We recall some concepts and facts about affine manifolds and affine maps between them, 
following 



Definition 10 An affine manifold is a manifold equipped with a linear connection V. 
A (smooth) map f : M — y M' between affine manifolds is called an affine map if its 
tangent map Tf : TM — y TM' preserves parallel transport, i.e., for any curve in M 
from X to y with image curve 7' = /07 in M' from f{x) to f{y), the following diagram 
commutes: 



u3 imjm 



Tfiy)M' 
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Obviously, an affine map takes geodesies into geodesies and therefore commutes with the 
exponential, in the sense that 

/(exp^(M)) = expy(^)(Ta;/ ■ u) for x E M, u G Dom(exp^) C T^M 

(see [231 Chapter 6, Proposition 1.1, p. 225]). 

An important property of riemannian manifolds that extends to affine manifolds is 
the existence of convex geodesic balls around each point. First, we say that an open 
neighborhood of a point x in an affine manifold M is a normal neighborhood of x if there 
is an open neighborhood of the origin in T^M contained in the domain Dom(exp2,) of 
the exponential exp^, such that the latter restricts to a diffeomorphism exp^ : — > U^. 
Second, a geodesic ball around a point x of M is a normal neighborhood of x obtained 
as the inverse image of an open ball in T^-M around the origin, of radius p, say, where p is 
sufficiently small, with respect to some (arbitrarily chosen) scalar product in T^M. Now 
it can be shown [23], Chapter 3, Theorem 8.7, p. 149] that geodesic balls of sufficiently 
small radius p have two additional useful properties: (a) B^ is geodesically convex (i.e., 
any two points of B^ can be connected by a geodesic entirely contained in B^) and (b) B^ 
is a normal neighborhood not only of x but of any of its points. Whenever this is the 
case, B^ will be called a convex geodesic ball. 

Theorem 8 Let M and M' be connected affine manifolds and let f : M — Y M' be an 
affine map. Suppose that M is simply connected and geodesically complete and that f is 
a local diffeomorphism. Then f is a covering (in particular, it is surjective), establishing 
M as the universal covering manifold of M' , and M' is also geodesically complete. 

Remark 4 The "riemannian version" of this theorem (which assumes that M and M' 
are riemannian manifolds and / is isometric) is well known and can be found in many 
textbooks, but the proofs given usually make use of the Hopf-Rinow theorem and therefore 
do not extend to the present situation, where we do not have metrics (in the topological 
sense). An alternative approach can be found in [2^ Chapter 10, Theorem 18, p. 167], 
and the proof presented below is an adaptation of that to the affine case. 

Proof: We begin by showing that / is onto. Considering that M' is connected and 
/ is a local diffeomorphism, so that its image f{M) is necessarily an open submanifold 
of M', it suffices to show that f{M) is also closed. Thus let x' G M' be a point in the 
closure of f{M) and let B' be a convex geodesic ball in M' around x'. Then there exist 
a point y' & B' n f{M) and, due to the fact that B' is a normal neighborhood of y' as 
well, a tangent vector u' G Ty/M' such that expy,{u') = x' . Choose y E M such that 
f{y) = y' cind, using that / is local diffeomorphism, u G TyM such that Tyf ■ u = u'. 
Set X = expy{u). Then since / is affine, we have f{x) = x'. The argument also shows that 
M' is geodesically complete. Finally, to show that / is a covering, note that the inverse 
image f~^{x') of a point x' G M' under the local diffeomorphism / is a discrete subset 
of M, and we can always choose a scalar product on T^'M' and, for every x G f~^{x'), 
a scalar product on T^M such that T^f : T^M — y Tx>M' is isometric; then the inverse 
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image under / of a convex geodesic ball around x', of sufficiently small radius, will be the 
disjoint union, parametrized by x G of the convex geodesic balls around x, of the 

same radius. □ 
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